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When analyzing the transient characteristics of solidification processes, choosing appropriately-sized
time steps is difficult. Accordingly, the current study develops a modified local time truncation error
(LTE)-based strategy designed to adaptively adjust the size of the time step during the simulated
solidification procedure in such a way that the time steps can be adapted in accordance with the
local variations in latent heat released during phase change or the effects of pure conduction in a
single solid or liquid phase. In the approach presented in this work, the LTE-based time-step evaluation
procedure is applied not only after a convergent temperature field is obtained at each time step, but
also during the nonlinear iterations performed at each time step whenever a convergence problem is
encountered. The computational accuracy and efficiency of the proposed method are demonstrated via
the simulation of the one-dimensional and two-dimensional solidification problems and compared with
those of other adaptive time step and the uniform time step methods. Furthermore, the performance of
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these approaches has also been demonstrated using fully-implicit and semi-implicit schemes.

© 2008 Elsevier Masson SAS. All rights reserved.

1. Introduction

Solidification is a transient, discontinuous phase change process
in which latent heat is released during the transformation from a
liquid to a solid state and a reduction in the enthalpy of the liquid
or the solid occurs as a result of cooling [1]. In the various mathe-
matical models proposed to solve the solidification problem, fixed
grid methods are commonly used, including the apparent heat
capacity method, the enthalpy method, the source term method,
the temperature recovery method, etc. However, when analyzing
the transient characteristics of solidification processes with these
methods, as described in [2-9], choosing appropriately-sized time
steps for the applied time discretization technique is difficult. Nor-
mally, large time steps result in high truncation errors and there-
fore cause the simulations to miss the local effects of latent heat
release, whilst smaller time steps enhance the accuracy of the nu-
merical solutions, but inevitably increase the time and expense of
the simulations. Accordingly, the objective of the current study is
to develop an adaptive time-step control strategy to improve both
the numerical accuracy and the computational efficiency when ap-
plied to the solution of solidification problems.

Although the literature contains many theoretical discussions
of adaptive time step methods, the specific problem of model-
ing solidification processes has received relatively little attention.
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A variable time step (VTS) method, in which the spatial meshes
were assigned an equal length and the time step was specified
in such a way that the phase boundary moved through exactly
one spatial mesh during each time step interval, was proposed
by Douglas and Gallie [11] and was later modified by Goodling
and Khader [12] and Gupta and Kumar [13,14]. These studies fo-
cused primarily on one-dimensional phase change problems and
treated the energy balance between phases numerically using the
Stefan condition. Ouyang and Tamma [15] developed an adaptive
time stepping strategy based on a process of a posteriori error esti-
mation for the simulation of solidification processes using a finite
element method (FEM). The a posteriori estimator utilized a simple
algorithm to determine the time step size when simulating one-
or two-dimensional phase change problems.

Gresho, Lee and Sani (GLS) [16] developed a predictor-corrector
strategy based on the second-order-accurate implicit trapezoid rule
(TR) and the explicit Adams-Bashforth (AB) formula to vary the
size of the time step adaptively in accordance with the estimated
value of the local (i.e. single-step) time truncation error (LTE).
FIDAP [17], a commercial FEM package marketed by Fluent Inc.,
applies the GLS predictor-corrector strategy to simulate the veloc-
ity and temperature fields in a variety of applications. However, as
noted both in [17] and in the Finite Difference Method (FDM) study
presented in [18], the time steps predicted by the GLS strategy
based upon the apparent heat capacity method tend to be rather
coarse and are therefore unsuited to the modeling of solidifica-
tion processes since the simulations tend to skip over the latent
heat release event. Accordingly, the current study proposes a mod-
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Nomenclature
L characteristic length ...................coiiiiiil, m
o ENSIEY . .netiee e kgm—3
X distance in x-direction .................oiiiiiaan., m
y distance in y-direction ...............ociiiiiiiinn. m
Ty fusion temperature ..............coeevierniennennnnns °C
C heat capacity ...........coovivviinninn... Jkg~! °c1
hint interfacial heat transfer coefficient ......... Wm~2°C
Ly latent heat ..........cooeiveiieiiiiiiiinannn.. Jkg™1
d(T) local time truncation error (LTE) ................... °C
Tm mold temperature ...............oiiiiiiiiiiiiainn., °C
S position of liquid-solid interface ................... m

pre-defined value

T, pouring temperature ..............eeeeeeenneennnnn. °C
T 100 0]S) =1 1| N °C
AT temperature difference of artificial mushy zone ... °C
ATy temperature difference in AT ............ccoevint. °C
k thermal conductivity ..................... wm~lec!
o thermal diffusivity .............coovviiiinnns m?s~!
t L1003 TS N S
At L83 8 TE 1<) o S
Subscripts and superscripts
app apparent value
ext extreme value
L liquid phase

i node number in x-direction

j node number in y-direction

P predictor function

S solid phase

k successive iteration level

n time level

sel time step selection

adj time step adjustment

Dimensionless groups

X dimensionless distance in x-direction

Y dimensionless distance in y-direction

Of dimensionless fusion temperature

Om dimensionless mold temperature

S dimensionless position of liquid-solid interface

Op dimensionless pouring temperature

[% dimensionless temperature

AO dimensionless temperature difference of artificial
mushy zone

Aby dimensionless temperature difference in A6

T dimensionless time

AT dimensionless time step

B inverse of Stefan number (Ste™1)

Ste Stefan number

ified LTE technique in which the GLS predictor-corrector strategy
is modified to enable the time steps to be adapted in accordance
with the release tempo of the latent heat over the course of the so-
lidification process. In the proposed approach, the time step for the
next time level or the time step in the current time level (when a
convergence problem is encountered) is computed using a modi-
fied LTE formulation based upon the values of an assumed extreme
time step and an extreme LTE.

In solving the solidification problems, the latent heat release
which occurs during phase change is modeled using the appar-
ent heat capacity method [4]. The feasibilities of the modified
LTE adaptive time-step scheme presented in this study is demon-
strated via its application to several one- and two-dimensional
phase change problems. The results obtained using the proposed
scheme are compared with those generated using the GLS, CN
(Crank-Nicolson) and BE (Backward Euler) adaptive methods, re-
spectively, and the corresponding uniform time step methods.

2. Governing equation combined with apparent heat capacity

The energy equations for the solid and liquid phases are com-
bined with the formulation of the apparent heat capacity method
to model solidification processes with the latent heat released dur-
ing phase change, and expressed in the form

pcappi—z =V e (kVT), (1)
where Capp is the apparent heat capacity, which is given by
Ci. T>Ty+ AT,
Capp = %(%-kq—i-cs) Ty — AT <T <Tj+AT, (2)
Cs. T <Ty— AT,

where subscripts S and L denote the solid and liquid regions,
respectively, C is the heat capacity, Ty the fusion temperature,
and AT the artificial temperature difference. Since the solidifica-
tion problems considered in this study are nonlinear, the iteration

method [19] for the implicit computation is adopted to compute
the apparent heat capacity Cypp of the apparent heat capacity
method.

3. GLS and proposed adaptive time-step strategies

In the current study, the modified LTE technique modifies the
LTE estimate of the conventional GLS predictor and corrector strat-
egy. During the nonlinear iterations performed at each current
time level, the modified LTE technique is used to adjust the cur-
rent time step At, at (k + 1)th iteration whenever the value of k
is larger than a predefined number. Having obtained a convergent
temperature solution at each time level, the similar modified LTE
technique is then used to select an appropriate time step Atp41q
for the next time level. Since the adjustment process of the cur-
rent time step At, during the nonlinear iterations is similar to the
selection process of the next time step At,1, only the latter one
is discussed in the following sections.

3.1. Predictor function and corrector function

As the GLS scheme, the time-step control scheme proposed in
this study employs the explicit Adams-Bashforth (AB) formula as
the predictor function and the implicit trapezoid rule (TR) as the
corrector function. The AB formula has the form

At Aty - Aty .
AB: TP  =T,+—2[(2 VT — —Tnq |. 3
n+1 n+ 2 |:( + Atn,1 n Afn,1 n—1 ( )

Since T,_1 is required, the AB formula cannot be applied until the
second time step. Error estimation therefore commences only once
the second time step has been completed. The TR corrector func-
tion is formulated as

Aty . .
TR: Tp1=Th+ T(Tn + Tny1). (4)

Being implicit, TR can be applied directly to Eq. (1) to obtain the
final temperature.
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3.2. LTE estimate in GLS scheme and modified LTE estimate

In the GLS scheme, the LTE estimation process commences by
performing Taylor series analyses of the predictor (AB) and correc-
tor (TR) formulations. The estimated errors between the numerical
solutions and the analytical solutions Tgng(tn+1) at time step tp41q
are given by

1 Aty

. p n—1 3

AB: T, .1 — Tana(tnt1) = BET) <2 +3 At )Afn Thn, (5)
AL ...

TR: Tpy1 — Tana(tng1) =d(Tpe1) = HTni (6)

where d(Ty+1) is the estimated LTE of the TR solution. Since Tr‘l’+1

and Tp4q are available, Egs. (5) and (6) can be used to eliminate
the two unknowns, i.e. Tgng(tn+1) and Ty, and hence the estimated
LTE of the TR solution in the GLS scheme can be obtained as

Tpi1 — TP
d(Tpp1) = —— 4L (7)
31+ AL )

However, in the time-step control strategy employed in the cur-
rent study, an appropriate time step is determined not on the
basis of d(Tp+1), as in the conventional GLS strategy, but from an
extreme value of LTE, designated as d(Tp1)ext, derived on the as-
sumption of an extreme time step Atext, Whose absolute value is
much larger than that of At,;_1. From the corrector function given
in Eq. (6), d(Tn+1)ext can be written as

3
d(Tn+1)ext = AtEXt Tn (8)
12

Adopting this definition of d(Tp41)ext,» the term At, in the de-
nominator of Eq. (7) can be replaced by Atext, and thus the ratio
of Atp_1 to Atexc approaches zero, causing the value of the LTE
computed in Eq. (7) to converge to an extreme value. Accordingly,
d(Tn+1)ext can be expressed as

Tny1 — Trf+1
—s

The LTE can then be estimated by combining Egs. (6) and (8) to
give

d(Tn+1)ext = (9)

Aty \3
d(Tpt1) = d(TnH)ext( . ) : (10)
Atext

In this study, Atex is determined as a function of the local tem-
perature, thus allowing the effective capture of the local variations
which take place as a result of the latent heat released during
phase change or the effects of pure conduction.

3.3. Novel technique for determining Atext

The Taylor series of T,,.q with forward expansion can be writ-
ten as

Top1 = Ta + ToAty + ErnAtﬁ +0(Ag). (11)

To prevent the appearance of another previous time step, i.e.

Atp_2, the third-order derivative T, in Eq. (11) is replaced by ap-

plying Egs. (6) and (7). As a result, Eq. (11) can be written in the

following semi-implicit predictor form:

Aty . Aty
— In-1

Atp_q Atp—q
1

Aty + Ata_p)

Tfﬂ =Ty (] +

+ (Tne1 = Tiyy)

The first and second terms on the right-hand side of Eq. (12) can
be replaced by Eq. (3) and by assuming Atp, = Atexr and Atext >
Atp—1, Atext can be expressed in terms of the temperature and
cooling rate as follows:

Thy1 =T
Afext=2<—.';+l .n>. (13)
Tn+1 +Tn

It is found that Eq. (13) is similar to the TR corrector function
given in Eq. (4) and the corresponding LTE can be approximated by
Eq. (8). In other words, the modified LTE given in Eq. (10) can be
estimated via the error comparison of two TR formulae, i.e. Egs. (4)
and (13), respectively.

3.3.1. Initialization of Atext

If much smaller change occurs in the local temperature during
phase change or between the initial condition and the condition
after the following time step(s), the denominator of Eq. (13), i.e.
the sum of the cooling rates, is close to zero, and hence a nu-
merical error easily results. Accordingly, in the proposed approach,
the denominator term is assigned a small tolerance, which is suf-
ficient to prevent a zero denominator without adversely affecting
the quality of the numerical solutions.

3.3.2. Controlling the magnitude of Atext

Due to its temporal singularity characteristic in space, latent
heat release cannot easily be analyzed using a Taylor series ap-
proach without applying some form of correction. In the apparent
heat capacity method, this singularity problem is resolved by im-
posing a piecewise continuity of the temperature drop 2AT (see
Eq. (2)) as the artificial mushy zone. However, a large time step
may cause the temperature drop between T, and T,y to exceed
the value of 2AT, thereby violating the piecewise continuity con-
dition and missing the effect of latent heat. As a result, a smaller
value of the time step should be applied when modeling the phase
change phenomenon in the solidification process. In the modified
LTE time-step approach used in this study, this is achieved by ap-
plying a correction to Atex. In the proposed approach, rather than
calculating the difference between T, and Tp4+q in Eq. (13), its
value is artificially corrected to a small constant value ATy close
to zero in each of the specified time steps in order to maintain
the temporal piecewise continuity state set by the apparent heat
capacity method.

3.4. Time step selection

As in the GLS scheme, the LTEs over the entire domain are used
to predict the next time step size by applying the constraint that
the (relative) norm of the errors at the next step should be equal
to a small pre-defined value &, i.e.

e 1/3
— ), 14
||d(Tn+1)||> ()

where ¢ corresponds to the value of ||d(Tp42)| and is set to 0.001
in accordance with the GLS recommendation [16]. ||d(Ty+1)]| is de-
termined via the weighted RMS norm [16].

Atn+1 = Atn(

4. Results and discussion

This section commences by comparing the performances of the
GLS, CN, BE and proposed adaptive time step methods in solv-
ing several one- and two-dimensional phase change problems. The
performance of the four schemes is also compared with that gen-
erated using the corresponding uniform time step methods.
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GLS uniform method (nt = 20000, At = 0.0001)
CN uniform method (nt = 20000, At = 0.0001)
BE uniform method (nt = 20000, At = 0.0001)
GLS adaptive method (nt = 258, £ = 0.001)

CN adaptive method (nt= 576817, ¢ = 0.001)
BE adaptive method (nt =69, € = 0.001)
Proposed method (nt = 6674, € = 0.001)

T T

oD AXO+0

25} a ]

Total error

Time

Fig. 1. One-dimensional phase change problem: total error histories of GLS, CN, BE
and proposed adaptive and uniform time step methods.

4.1. One-dimensional phase change problem

The physical domain of this problem is a one-dimensional semi-
infinite area. The initial pouring temperature T, is assumed to be
equal to the fusion temperature, Ty. When t > 0, T = Ty (mold
temperature) at x = 0. The position of the liquid-solid interface
at any moment in time is indicated by s(t). For convenience, the
following dimensionless variables and parameters are introduced:

T—Tnm tas X S
f=——, T=—, X=-, S=-,
Tf—Tn 12 L L
C Cs(Ts—T,
C*= and Ste= —S( J m),
s Ly

where L is the characteristic length, Ly is the latent heat, and Ste is
the Stefan number representing the inverse of dimensionless latent
heat. as and Cs are the solid thermal diffusivity and heat capacity,
respectively.

The analytical solution for this problem was originally derived
by Stefan in [20]. In simulating this problem, it is assumed that
the computing domain is from X =0 to X =2 and the space in-
crement AX is 0.01. The mold temperature and fusion temperature
thus become 6, =0 and 6y = 1, respectively. The total calcula-
tion time is specified as T =2 to ensure that 6(X =2,7 =2) =1.
In modeling the latent heat release process by the apparent heat
capacity method, the temperature difference is A9 = 0.001 and
Ste = 1. Note that because the pouring temperature 6, is equal to
the fusion temperature 67, only a half of 2A# is required, where
A6 is the dimensionless AT. Based on the consideration of con-
vergence, the Afy terms used to calculate ATex in the ATy se-
lection process and the At, adjustment process are distinguished
via the annotations A6y se; and A6y aqj, Tespectively and they are
assigned by Afy sl = 1077 and A6y ,qi = 10715, respectively.

Fig. 1 compares the total error histories of the GLS, CN and BE
uniform time step methods (At =0.0001) with those of the GLS,
CN, BE and proposed adaptive time step methods. Note that the
total error is the square root of the total sum of the squared differ-
ences between the computational solution and the analytical solu-
tion over the entire domain. It is apparent that the results obtained
using the proposed method are in very good agreement with those
obtained using the GLS uniform time step method and the CN
adaptive time step method. These schemes achieve a high degree

1] 7 —

—+H— CN adaptive method (nt = 576817, CPU = 912 sec) ®

—5¢— GLS adaptive method (nt = 258) 4015 22

0.006 [-—=— BE adaptive method (nt = 69) 17

401 O
0.005 Z 4

() Q
N Jo.os 2 3
o 0.004 wh
3 =—sj0 8
q', 0.003 F—~°— Uniform methods (nt = 20000, CPU = 70 sec for each) 3 [7,)
= Proposed method (nt = 6674, CPU = 20 sec) QN
E 1-00532 &
0.002 F sS

J1-01 3

0.001 f s =

AR -0.15

L

0 0.5 1 1.5 2
Time

Fig. 2. One-dimensional phase change problem: time step size histories of GLS, CN,
BE and proposed (left scale) adaptive and uniform time step methods.

————— GLS adaptive method

A CN adaptive method
BE adaptive method
O  Proposed method

Latent heat

o

0.5 1 1.5 2

Fig. 3. One-dimensional phase change problem: latent heat release in space com-
puted by GLS, CN, BE and proposed adaptive time step methods.

of numerical accuracy. However, the number of time steps required
by the proposed method (nt = 6674) is significantly lower than
that required by the GLS uniform time step method (nt =20000)
or the CN adaptive time step method (nt = 576817). In Fig. 2, it
is observed that the time step size predicted by the GLS or BE
adaptive time step methods increases approximately linearly over
the course of the simulation. The time step size predicted by the
CN adaptive time step method almost maintains at a small con-
stant value. By contrast, those predicted by the proposed method
oscillate strongly, albeit with a gradually increasing tendency. This
phenomenon is the result of the accurate prediction of latent heat
release. Furthermore, the figure shows that the proposed method
has the smaller CPU time (performed by ASUS L7300 PC with a
Pentium II 600 (MHz) CPU and 196 MB RAM).

Fig. 3 illustrates the latent heat release predictions of the GLS,
CN, BE and proposed adaptive time step methods for all of the
spatial nodes over the course of the simulation. The exact solution
for the latent heat in this example is 1/Ste = 1. The CN adaptive
time step method can release the total amount of latent heat up
to 99.9% of the exact value at T =2 due to the nearly invariant
small time steps. The total latent heat released by the proposed
method reaches 97.5%. By contrast, 59.41% of the total latent heat
is released by the GLS adaptive time step method and 26.37% by
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the BE adaptive time step method. Consequently, the GLS and BE
adaptive time step methods have the faster solidification rate and
therefore the phase change position simulated by the GLS adaptive
time step method reaches X =1.85 at t =2 rather than X =1.76,
as determined analytically, and the one simulated by the BE adap-
tive time step method exceeds X = 2. The phase change position
for the proposed method reaches X = 1.77, which is much closer
to the analytical one. Note that in this simulation, the comput-
ing domain of the BE adaptive time step method is from X =0 to
X =4, which is enlarged corresponding to its faster solidification
rate.

4.2. Two-dimensional phase change problem

An infinite corner region is assumed initially to be in a liquid
state at a pouring temperature T, higher than the melting temper-
ature Ty. As time elapses, the boundary temperatures along x =0
and y = 0, respectively, are either maintained at a constant mold
temperature T,; or experience a convective effect with the am-
bient temperature Tamp. Both Tp and Tayp are lower than Ty.
Note that the GLS, CN and BE uniform and adaptive time step
methods are not considered in Section 4.2.1 (fixed temperature
boundary condition) since they are known to suffer numerical in-
stability [4,5] when applied to the two-dimensional problem with
the fully-implicit scheme (FIS). Accordingly, in Section 4.2.2 (con-
vective boundary condition), the semi-implicit scheme (SIS) is ap-
plied for the various time stepping methods. In the FIS scheme as
applied in Section 4.1, the apparent heat capacity is iteratively cal-
culated according to the temperature of current time step, whereas
in the semi-implicit scheme (SIS), it is based on the temperature of
previous time step and thus nonlinear iterations are not required.

4.2.1. Fixed temperature boundary condition

The dimensionless analytical solution and interface position
for this 2-D phase change problem are given by Rathjen and Jiji
in [21]. In the dimensionless physical model, the mold, fusion
and pouring temperatures are specified as 0, = —1, 6y =0 and
0p = 0.3, respectively. Furthermore, the computational domain is
assumed to be in the shape of a square with sides of length
X =Y = 2. In solving the problem using the proposed method im-
plemented in the FIS scheme, the following parameter values are
assigned: AX =AY =1072, 2A0 =2 x 1072, A s = 107* and
ABf agj = 10716,

Fig. 4 compares the exact and simulated solutions for the phase
change position (i.e. the location of the liquid-solid interface) at
T =0.25 for the case of 8 =0.25, where § is a non-dimensional
parameter defined as Lf/[Cs(Tf — Tpy)], ie. the inverse of the
Stefan number. It can be seen that the simulated phase change in-
terface is in good agreement with the exact solution. Analyzing the
latent heat balance, the proposed scheme has 99.49% of the exact
value (0.25). As shown in Fig. 5, this accurate latent heat balance
performance results in an oscillating time-step history profile, sim-
ilar to that observed in Section 4.1.

4.2.2. Convective boundary condition

The molten material was assumed to be pure aluminum and
was poured into the mold at a temperature of T, = 680°C. The
mold/metal interfacial heat transfer coefficient was assumed to
be hin: = 100 W/m? °C, the melting temperature was specified as
Ty =660°C and the ambient temperature was taken to be Tymp =
25°C. The geometry in this problem is a 20 x 20 cm square with
Ax=Ay=0.2 cm. AT and ATy in this example are specified as
0.1 and 1076 °C, respectively. The exact latent heat is 408989 J/kg.

Fig. 6 shows the phase change locations following an elapsed
time of 1600 sec as computed by the GLS, CN, BE and proposed
adaptive methods, respectively, and the corresponding uniform

2
151
> 1
e} Analytical solution
0.5 —— Proposed method in FIS, nt=271283
[ PR SR ST SR [N SR SR ST S NN T SN ST SN S SN T ST
00 05 1 15 2
X

Fig. 4. Two-dimensional phase change problem with fixed temperature boundary
condition: liquid-solid interface position computed by proposed method imple-
mented in FIS scheme.

0.0003 r r T .
Proposed method in FIS (nt = 271283)
0.00025 | E

0.0002 - i

0.00015

Time-step size

0.0001

5107°

0 0.05 0.1 0.15 0.2 0.25
Time
Fig. 5. Two-dimensional phase change problem with fixed temperature boundary

condition: time step size history computed by proposed method implemented in
FIS scheme.

20

1 e
o e ot 1

| — — — - GLS uniform method (nt=160000)

F —r——- CN uniform method (nt=160000)
e BE uniform method (nt=160000)

GLS adaptive method (nt=118)

- BE adaptive method (nt=20)

L —o—— - Proposed method (nt=20941)

1 1 L L 1 PR L L 1 1 1 L L L 1 1 PR
0 10 20
x (cm)

Fig. 6. Two-dimensional phase change problem with convective boundary condition:
interfacial positions simulated by uniform time step methods and GLS, BE and pro-
posed adaptive time step methods.
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O Uniform methods (nt = 160000, CPU = 5500 sec for each)
—o&— GLS adaptive method (nt = 118)

-%— BE adaptive method (nt = 20)
————— Proposed method (nt = 20941, CPU = 1352 sec)
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Fig. 7. Two-dimensional phase change problem with convective boundary condi-
tions: time step histories computed by uniform time step methods and GLS, BE
and proposed (left scale) adaptive time step methods.

time step methods. It can be seen that the simulated liquid-solid
interface of the proposed method is in close agreement with those
of the GLS, CN and BE uniform time step methods. Both the GLS
and BE adaptive time step methods have the inconsistent solidi-
fication speed because they predict too large time steps to accu-
rately detect the release of latent heat. As described in [10] and
Section 4.1, the CN uniform time step scheme with a smaller time
step can reach a comparable accuracy. However, the correspond-
ing adaptive method presented in this example produces oscillated
temperature phenomena over the entire computational domain
due to improperly chosen time steps and therefore its erroneous
result is not presented in the figure. It is found that the GLS, BE
and proposed adaptive time step methods release approximately
50.62%, 12.91% and 97.82% of the exact total latent heat, respec-
tively, while approximately 99.9% for the GLS, CN and BE uniform
time step schemes. As shown in Fig. 7, this accurate latent heat
balance performance of the proposed method results in an oscil-
lating time-step history profile. Furthermore, the proposed method
has the smaller CPU time (performed by ASUS A8FM PC with an
Intel Core 2 1.83 (MHz) CPU and 1024 MB RAM) than those uni-
form time step methods.

5. Conclusions

This study has presented an adaptive time-step control scheme
based on a modified LTE technique. In the approach presented in
this study, the LTE-based time-step evaluation procedure is ap-
plied not only after a convergent temperature field is obtained at
each time step, but also during the nonlinear iterations performed
at each time step whenever a convergence problem is encoun-
tered. This would make it possible for the implicit method to solve
the unstably convergent problems of solidification processes. The
various performances of the proposed approach have been demon-
strated via the simulation of the 1-D and 2-D solidification prob-
lems and compared with those of the GLS, CN, BE adaptive time
step methods, and the corresponding uniform time step methods.

The performance of the proposed approach has also been demon-
strated using fully-implicit and semi-implicit schemes. In general,
the results have shown that the proposed approach has a high nu-
merical accuracy (as evaluated by comparing the computed value
of the total latent heat released with the exact solution), a high
computational efficiency (as indicated by a low CPU time and a
low total number of time steps in the simulation procedure). More-
over, since the time steps predicted by the proposed method are
based on the local temperature, it is expected that this method can
provides a flexible reference tool for the researchers while they in-
vestigate other transient phenomena of a casting or solidification
process, such as velocity and concentration fields, not limited in
the isothermal process.
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